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Abstract Several correlation and interference effects in strong-field physics are in-
vestigated. We show that the interference of continuum wave packets can be the
dominant mechanism of high-harmonic generation (HHG) in the over-the-barrier
regime. Next, we combine HHG with resonant x-ray excitation to force the recol-
liding continuum electron to recombine with a core hole rather than the valence
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hole from that it was previously tunnel ionized. The scheme opens up perspectives
for nonlinear xuv physics, attosecond x-ray pulses, and spectroscopy of core or-
bitals. Then, a method is proposed to generate attochirp-free harmonic pulses by
engineering the appropriate electron wave packet. Finally, resonant photoionization
mechanisms involving two atoms are discussed which can dominate over the direct
single-atom ionization channel at interatomic distances in the nanometer range.
1 High-harmonic generation by continuum wave packets
High-order harmonic generation (HHG) is a key process in ultrafast science and
well-understood within the three-step model [1]: the bound wave function of an
atom is partially freed by a strong laser field, accelerated in it, and driven back to
its parent ion. At that point, the ionized and bound portions of the electronic wave
packet interfere, giving rise to a strong, coherent high-frequency dipole response
that can lead to the emission of a HHG photon along with the recombination of the
electron into the bound state.
In our work [2], we advance the interference model of HHG [3, 4] to provide a
comprehensive physical picture including continuum–continuum (CC) transitions:
any two wave packets of the same electronic wave function that have been split
and have acquired different energies lead to coherent HHG emission when they
simultaneously reencounter the core region. The emitted photon energy is exactly
the energy difference of the two wave packets. Starting from this point of view, we
found that a new CC transition plays a significant role in the over-the-barrier (OBI)
ionization regime. This transition occurs when two wave packets ionized in different
half cycles of a laser pulse recollide at the same time. Note that this transition is
different to the CC harmonics described in [5].
As a realistic model, we study the hydrogen atom in a laser field in the OBI
regime and solve the three-dimensional time-dependent Schro¨dinger equation nu-
merically [6]. The laser pulse is shown in Fig. 1a and chosen such that almost com-
plete depletion of the ground state occurs on the leading edge of the pulse.
To analyze the time-resolved frequency response of HHG, we calculate the win-
dowed Fourier transform of the dipole acceleration obtained from the TDSE cal-
culation and display it in Fig. 1b. For comparison, the two dashed black lines in
the figure are the classical recollision energies for trajectories starting from two dif-
ferent laser half cycles, respectively, which are in agreement with the traditional
continuum–bound (CB) signal whereas the red line denotes their difference. The
CC transition is evidenced by the excellent agreement of the quantum-mechanical
response with the red line. Interestingly, the CC component of the dipole response
is the dominant contribution for several half cycles after t = 150 a.u. (atomic units
are employed throughout). This can be understood from the fact that depletion of
the ground state occurs around that time. Then, coherent HHG can only occur by
the presence of the various parts of the wave function in the continuum.
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Fig. 1 Time-frequency analysis of HHG showing the signature of CC wave-packet interference. a)
Laser pulse used for the calculation (solid line, left axis) and ground-state population (dashed line,
right axis). b) Windowed Fourier transform of the HHG emission. The dashed black lines are the
classically calculated kinetic energies of electrons returning to the ion and the solid red line their
difference energy. Reproduced from Ref. [2]. Copyright (2010) by the American Physical Society.
Moreover, we developed a strong-field approximation model for CC HHG suit-
able for the OBI regime and based on the evaluation of the dipole acceleration
a(t) = −〈Ψ , t|∇V |Ψ , t〉 [7] rather than the dipole moment to include the distortion
of the recolliding waves by the Coulomb potential required for momentum con-
servation. The saddle-point approximation is applied to the expression making a
computationally fast evaluation of the process possible.
This analytical model also allows to extract the HHG emission phase φ =
S(p′′, t, t ′′)− S(p′, t, t ′) + Ip(t ′− t ′′)−ωHt with the classical action S [8], canoni-
cal momentum p, HHG emission time t, ionization times t ′ and t ′′, HHG frequency
ωH and ionization energy Ip. The expression can be converted to φ(I) = αccI being
a function of the laser pulse peak intensity I, which reveals a striking difference
for CB as compared to CC transitions: the sign of αiCC and αCB differs for both
types of transitions allowing to separate the CC from the CB harmonics via phase-
matching. This way, the measurement of CC spectra could by employed for qualita-
tively advancing tomographic molecular imaging [4]: instead of probing the orbital
shape of the active electron, the effective atomic or molecular potential mediating
the transition between the two wave packets could be assessed.
2 Emergence of a high-energy plateau in HHG from resonantly
excited atoms
In the last two decades, HHG in the non-relativistic regime has been developed to
a reliable source of coherent extreme ultraviolet (XUV) radiation. Its advancement
into the hard x-ray domain would allow for a much wider range of applications. The
straightforward approach to employ larger laser intensities is demanding due to the
relativistic electron drift [9] and the large electron background that is generated by
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the strong laser field causing phase-mismatch [10]. On the other hand, the large scale
x-ray free electron lasers (XFEL) routinely generate several keVs of photon energy
but are limited in coherence and, thus, sub-femtosecond pulses with this technique
are not in reach at the moment. We show [12] that by combining both, the HHG
process and radiation from an XFEL, coherent light pulses can be obtained having
the extremely short time structure of the HHG and photon energies larger than the
XFEL. In addition to the increase of the HHG photon energy, the scheme can be
employed for ultrafast time-dependent imaging [11] involving inner shells and for
the characterization of the x-ray pulse of the XFEL.
The proposed scheme works as follows: atoms are irradiated by both an intense
optical laser field and an x-ray field from a FEL. The x-ray energy is chosen to be
resonant with the transition between the valence and a core level in the cation. As
soon as the valence electron is tunnel ionized by the optical laser field, the core elec-
tron can be excited to the valence vacancy. Then the continuum electron, returning
after a typical time of 1 fs, can recombine with a core hole rather than with the va-
lence hole from that it was previously tunnel ionized and thus emit a much higher
energy.
We developed an analytical formalism to cope with the two-electron two-color
problem [12, 13]. A two-electron Hamiltonian is constructed mostly from tenso-
rial products of one-electron Hamiltonians that describe the losses due to tunnel
ionization and direct x-ray ionization via phenomenological decay constants in con-
junction with Auger decay of the intermediate hole. The system is described by
equations of motions based on the Schro¨dinger equation and the solutions can be
found in the dressed state basis. We apply our theory to the 3d → 4p resonance
in a krypton cation as well as to the 1s→ 2p resonance in a neon cation. The re-
sults for a resonant sinusoidal x-ray field for two different intensities are shown in
Fig. 2. The chosen optical laser field intensity is 3× 1014 W/cm2 for krypton and
5×1014 W/cm2 for neon both at 800nm wavelength.
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Fig. 2 HHG photon numbers of the hth harmonic for different x-ray intensities from (a), (c) kryp-
ton and (b), (d) neon. The solid black line stands for the recombination to the valence state whereas
the more energetic plateau arising from core hole recombination is red the dashed line. The thin
lines in the spectrum are obtained by neglecting ground-state depletion due to direct x-ray ioniza-
tion. The xuv and laser pulse durations are three optical laser cycles in all cases.
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The most striking feature in the obtained spectra is the appearance of a second
plateau. It is upshifted in energy with respect to the first plateau by the energy dif-
ference between the two involved core and valence states. The two plateaus have
comparable harmonic yields for x-ray intensities above 1016 W/cm2. Quite impor-
tantly, the losses due to x-ray ionization do not lead to a significant drop of the HHG
rate as can be seen by comparing the thick and thin lines. Both lines almost coincide
for neon due to the negligible depletion induced by ionization. The second plateau
bears signatures of the core state and may offer a route for ultrafast time-dependent
chemical imaging of inner shells [4, 11]. Moreover, by exploiting the upshift in
energy, attosecond x-ray pulses come into reach.
3 High-harmonic generation without attochirp
A particularly fascinating property of HHG is its time structure enabling for the
generation of extremely short pulses [14, 15]. Nowadays pulses down to a duration
of 63 as [16] have been generated and the bandwidth to generate pulses of only
11 as is available [17]. The emitted pulses have an intrinsic chirp, the so-called
attochirp [18, 19] and, thus, are much longer than their bandwidth limit. To com-
pensate the attochirp, dispersive optical media [16, 20] are employed.
An alternative way to circumvent this problem would be to modify the HHG
process such that the light is emitted without attochirp. It is shown [21] that by
means of laser pulse shaping, employing soft x rays for ionization [22] and using an
ionic gas medium, attosecond pulses with arbitrary chirp can be formed including
the possibility of attochirp-free HHG and bandwidth-limited attosecond pulses.
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Fig. 3 Schematic of the recollision scenario: a) A half cycle of the tailored laser field (black). The
red line is the assisting x-ray pulse. b) Different one-dimensional classical trajectories in the field
of (a) which start into the continuum at different times but revisit the ionic core at the same time.
Reproduced from Ref. [21]. Copyright (2011) by the Optical Society of America.
The principles are illustrated in the trajectory picture of HHG [1, 8] in Fig. 3.
Since the recollision time of a certain harmonic can be identified with its group de-
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lay [18, 19] in the emitted pulse, a simultaneous recollision of all trajectories would
lead to a bandwidth-limited attosecond pulse. The demand of simultaneous recol-
lision can be fulfilled if the electron is freed by single-photon ionization when the
x-ray frequency ωX is much larger than the binding energy. In this case the electron
has a large initial kinetic energy directly after ionization. Let us focus on the two
example trajectories marked by α and β in Fig. 3b. Both are ionized at instants sepa-
rated by a small time difference δ ti. The chosen starting direction of the trajectories
along the laser polarization direction is such that they are subsequently decelerated
by the laser field and eventually recollide. Note that the velocity difference between
α and β is conserved in time for a homogeneous laser field. With a convenient
choice of the parameters, the velocity difference between both acquired during δ ti
can be such that both recollide simultaneously.
In the following, we exemplify our method in two cases producing bandwidth-
limited pulses below 10 as and 1 as. The optimized optical laser pulses (frequency
ω = 0.06a.u.) are shown in Fig. 4a and c and the parameters are indicated in Table 1.
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Fig. 4 a) the laser field composed of 8 Fourier components that illuminates an Li2+ ion with
Ip = 4.5 a.u.. The parameters of the additional x-ray field are indicated in the first row of Table
1. The resulting 8 as pulse is shown in b). c) displays the laser field needed to create a pulse of
800 zs duration from Be3+ ions with Ip = 8 a.u. The parameters are indicated in the second row of
Table 1. The respective pulse is shown in d). The dashed red lines are the temporal phases of the
pulses. Reproduced from Ref. [21]. Copyright (2011) by the Optical Society of America.
The attosecond pulses are bandwidth limited as can be seen from the spectral
phases (red lines in Fig. 4b and d).
However, the method still has several drawbacks. It is experimentally demanding
to create a pure ionic gas and to achieve phase-matching in a macroscopic medium
due to the free electron dispersion. Moreover, the required large initial momentum
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NF IL[W/cm2] ωx[eV] IX [W/cm2] ion Ip [a.u]
8 1016 218 3.5×1014 Li2+ 4.5
20 1017 996 1.4×1015 Be3+ 8
Table 1 Parameters for the two examples in Fig. 4: NF represents the number of Fourier compo-
nents contained in the tailored driving pulse, IL its peak intensity, ωX the x-ray frequency employed
for ionization, IX its intensity and the ionization energy Ip.
and the dipole angular distribution of the ionization process lead to an increased
spread of the ionized wave packet as compared to tunnel ionization. Further, the
ionization rate is small due to ωX Ip. Precise shaping of intense driver fields with
intense harmonics as well as the synchronization of the x-ray and IR pulses is also
demanding. A potential route to overcome the former difficulties could be to derive
the x-rays, the IR light and its Fourier components from the same FEL electron
bunch.
4 Resonant photoionization involving two atoms
Interatomic electron–electron correlations are responsible for a variety of interest-
ing phenomena, ranging from dipole–dipole interactions in cold quantum gases to
Fo¨rster resonances between biomolecules. They may also lead to very characteristic
effects in the photoionization of atoms.
As an illustrative example, let us consider resonant two-photon ionization in a
system consisting of two hydrogen atoms [23]. The atoms are assumed to be sepa-
rated by a sufficiently large distance R so that one may indeed speak about individual
atoms. The system interacts with a monochromatic laser field whose frequency is
resonant with the 1s–2p transition in hydrogen. In this situation there are two quan-
tum pathways for ionization: (i) the direct channel where a single atom is ionized
by absorbing two photons from the field, without any participation of the neigh-
boring atom; and (ii) an interatomic channel where both atoms are first excited to
the 2p level by absorbing one photon each and afterwards the doubly excited two-
atom state decays via so-called interatomic Coulombic decay (see [24] for recent
reviews). In other words, one of the atoms deexcites and transfers its energy radia-
tionlessly to the second atom, this way causing its ionization.
Leading to the same final state, the direct and two-center ionization pathways
show quantum mechanical interference. It becomes manifest in the photoelectron
spectra which consist of four lines due to the Autler-Townes splitting of the atomic
levels in the external field [23]. Moreover, the two-center channel can be remarkably
strong and even dominate over the direct channel by orders of magnitude. In fact,
the ratio [d/(R3E)]2 determines the strength of the former with respect to the latter,
where d is the 1s–2p transition dipole moment and E denotes the laser field strength.
For example, at R= 1 nm and E = 104 V/cm this ratio is of the order of 104.
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Interatomic resonant photoionization may also occur in hetero-atomic systems [25,
26]. In this case, one of the centers is first excited by single-photon absorption and
subsequently, upon deexcitation, the partner atom is ionized. Evidently, this mech-
anism requires an hetero atomic system with an excitation energy of the one center
exceeding the ionization potential of the other.
The interplay between resonant laser fields and interatomic electron-electron cor-
relations can thus give rise to interesting and rather unexpected effects.
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